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Abstract 


In this work, we study the existence and multiplicity of solutions 
for a class of problems involving the (/)-Laplacian operator in a bounded 
domain, where the nonlinearity has a critical growth. The main tool 
used is the variational method combined with the genus theory for 
even functionals. 

1 Introduction 

In this paper, we consider the existence and multiplicity of solutions for the 
following class of quasilinear problem 



A0*(|m|)m +/(x, m), C 

0 , dQ 


(A) 


where C C is a bounded domain in with smooth boundary, A is a 
positive parameter and d : (0, +oo) —>■ R is a continuous function verifying 


{(j){t)ty >0 vt > 0. 


(di) 
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There exist l,m ^ (l?^) such that 


- $(t) - 


“ltl 


IN 


(02 


niN 


m 


where <h(t) = / (f){s)sds, I < m < I*, I* = ^ and ^ jy 

V 0 

Moreover, is such that Sobolev conjugate function of <h is its 

primitive, that is, <h*(t) = (f)^{s)sds. 

Related to function / : f2 x M —)■ M, we assume that: 


(/i) feCinx 


, odd with respect t and 


f{x, t) = o (0(1 t I) I t I) , |t| —)■ 0 uniformly in x; 

/(x, t) = o (0*(| f I) I f I), 10 —!• +C )0 uniformly in x; 


(/ 2 ) There is 6 * G {m,l*) such that F{x,t) < ^f{x,t)t, for all f > 0 and 
a.e. in f 2 , where F{x,t) = Jq f{x, s)ds. 

There often arise the problem (Px) associated by a nonhomogenous 
nonlinearities <h in the helds of physics (see uni), e.g. 


i) nonlinear elasticity: <h(t) = (1 + — 1 for 7 G (1, j^)- 

a) plasticity: <h(t) = |f0/n(l + |t|) for 1 < po < P < “ 1 with 

-1 + x/T+IN 
= - 2 -■ 

in) generalized Newtonian fluids: <h(f) = (sinh ^ s)^ ds, 0 < a < 1, 

/5 > 0 . 

Our main results is the following 

Theorem 1.1. Assume that (0i) — (^ 2 ) o,nd (/i) — (02) are satisfied. Then, 
there exist a sequence {A^} C (0, +cx)) with < Xk+i, such that, for 
A G (Afc, Afc+i), problem has at least k pairs of nontrivial solutions. 

The main difficulty to prove Theorem 11.11 is related to the fact that the 
nonlinearity / has a critical growth, because in this case, it is not clear that 
functional energy associated with problem (Px) satishes the well known {PS) 
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condition, once that the embedding is not compact. To 

overcome this difhcnlty, we use a version of the concentration compactness 
lemma due to Lions for Orlicz-Sobolev space found in Fukagai, Ito and 
Narukawa [H]. We would like to mention that Theorem 11.11 improves the 
main result found in [25] . 

We cite the papers of Alves and Barreiro [3], Alves, Gongalves and 
Santos [1], Bonano, Bisci and Radulescu [5], Cerny [7], Clement, Garcia- 
Huidobro and Manasevich [S], Donaldson m, Fuchs and Li [12], Fuchs 
and Osmolovski [13], Fukagai, Ito and Narukawa m US], Gossez ira. 
Mihailescu and Raduslescu [19], [20] , Mihailescu and Repovs [21] , Pohozaev 
[22] and references therein, where quasilinear problems like {P\) have been 
considered in bounded and unbounded domains of In some those 

papers, the authors have mentioned that this class of problem arises in a lot 
of applications, such as, nonlinear elasticity, plasticity and non-Newtonian 
fluids. 

This paper is organized in the following way: In Section |2l we collect 
some preliminaries on Orlicz-Sobolev spaces that will be used throughout 
the paper, which can be found in n, 0, mi and [23]. In Section 3, we 
recall an abstract theorem involving genus theory that will use in the proof 
of Theorem 11.11 and prove some technical lemmas, and Section 4 we prove 
Theorem 11.11 


2 Preliminaries on Orlicz-Sobolev space 

First of all, we recall that a continuous function A : M —)■ [0, -|-cxd) is a N- 
function if; 

(Al) A is convex. 


(A2) A(f) = 0^t = 0. 



t 


t 


(A4) A is even. 

In what follows, we say that a V-function A verihes the A 2 -condition if. 
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there exists to > 0 and /c > 0 such that 

A{2t) < kA{t) t > to- 

This condition can be rewritten of the following way: For each s > 0, there 
exists Mg > 0 and to > 0 such that 

yl(st) < MsA{t) t > to- (As) 

Fixed an open set hi C and a N-function A satisfying As-condition, 
the space LaI^I) is the vectorial space of the measurable functions m : hi —)■ R 
such that 

/ A{u) < oo. 

Jn 

The space endowed with Luxemburg norm, that is, with the norm 

given by 

\u\a = inf|Q: > 0 : J A l|, 

is a Banach space. The complement function of A, denoted by A(s), is given 
by the Legendre transformation, that is 

A(s) = max{st — A{t)} for s > 0. 


The functions A and A are complementary each other. Moreover, we have 
the Young’s inequality given by 

st < A{t) + A{s) Vt,s>0. (1) 


Using the above inequality, it is possible to prove a Holder type inequality, 
that is. 


uv 


< 2|m|^|z;|^, \/ u E and v E L^{Vt). 


( 2 ) 


Yo I 

Another important function related to function A, it is the Sobolev’s 
conjugate function A* of A dehned by 


P 


* 


When A(t) 

_ pN 
~ N-p- 


= / ioTt>0. 

|f|^ for 1 < p < iV, we have A^{t) = where 
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Hereafter, we denote by the Orlicz-Sobolev space obtained by 

the completion of (7“ (hi) with respect to norm 

||m|| = |Vti|A + \ u \ a - 

An important property that we must detach is: If A and A verifying 
A 2 -condition, the spaces La{^) and are reflexive and separable. 

Moreover, the A 2 -condition also implies that 


and 


Un ^ u in La{^) 



u|) ^ 0 


(3) 


Un ^ u in / A(\un — m |) — )■ 0 and / A^Vun — Vm|) — )■ 0. 

Jn Jn 

(4) 

Another important inequality was proved by Donaldson and Trudinger 
|10j . which establishes that for all open D C and there is a constant 
5'jv = S{N) > 0 such that 

|wU.<.Siv| VtiU, ueW^’^iQ). (5) 


Moreover, exist Cq > 0 such that 

f A{u) <Co f A(|Vw|), uE 

Jn Jn 

This inequality shows the below embedding is continuous 

a, Lj.(a). 


( 6 ) 


If bounded domain D and the limits below hold 

B(t^ Bit) 

limsup < +CXD and limsup = 0, (7) 

t—>-0 |t|—)-+oo 

the embedding 

Tb(D) (8 ) 

is compact. 

The next four lemmas involving the functions <h, <h and and theirs 
proofs can be found in [IT]. Hereafter, $ is the A-function given in 
introduction and <h, are the complement and conjugate functions of <h 
respectively. 
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Lemma 2.1. Assume (0i) — (02)- Then, 

r\t\ 

$(t) = / s(j){s)ds, 

Jo 

is a N-function with $, <1) G A 2 . Hence, and are 

reflexive and separable spaces. 

Lemma 2.2. The functions $ and <!)* satisfy the inequality 

^{(j){\t\)t) < ^{2t) and $*(0*(|t|)t) < $*(2t) Vt > 0. (9) 

Lemma 2.3. Assume that (0i) — ( 02 ) hold and let fo{t) = mm{d,t^}, 
^i{t) = max{t0t"*}, for all t>0. Then, 

^o{p)Ht) < $(pt) < for p,t>0 

and 

Codtik) < [ < 6 (l^i|<&) forueLq>{n). 

Jn 

Lemma 2.4. The function <1>* satisfies the following inequality 

^ < rn* for t > 0. 

- ^flt) - 

As an immediate consequence of the Lemma 12.41 we have the following 
result 

Lemma 2.5. Assume that (0i) — (02) hold and let ^ 2 (^) = min{0*,t™'*}, 
^flt) = max{t^*, t"**} for all t >0. Then, 

C2{p)^*{t) < ^flpt) < 6 (p)^*(^) for p,t>0 

and 

for LaA^). 

Jn 

Lemma 2.6. Let $ be the complement of $ and put 

I m I m 

fAs) = min{s'-i, S"*-i} and ^ 5 ( 5 ) = max{s*-i, s™-i}, s > 0 . 

Then the following inequalities hold 

^ 4 (r)$(s) < <h(rs) < .^ 5 (r)<h(s), r, s > 0 

and 

^4(1^1$) < f $(M)dx < ^sd^lj), uEL^{n). 

Jn 
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3 An abstract theorem and technical lemmas 


In this section we recall an important abstract theorem involving genus 
theory, which will use in the proof of Theorem 11.11 After, we prove some 
technical lemmas that will use to show that the energy functional associated 
with problem (|FaD verifies the hypotheses of the abstract theorem. 

3.1 An abstract theorem 

Let E he a real Banach space and S the family of sets Y C i?\{0} such that 
Y is closed in E and symmetric with respect to 0, that is, 

S = {y c M{0}; Y is closed in E and Y = -Y} . 

Hereafter, let us denote by j{Y) the genus of H G E ( see |21l pp- 45] ). 
Moreover, we set 


Kc = {u ^ E] I(u) = c and I'{u) = 0} 

and 

A = {m G E] I{u) < c} . 

Next, we recall a version of the Mountain Pass Theorem for even 
functional. For details of the proof, see [2l] . 

Theorem 3.1. Let E be an infinite dimensional Banach space with 
E = V (B X, where V is finite dimensional and let I G he a even 

function with /(O) =0 and satisfying : 

(11) there are constants /3,p > 0 such that I{u) > /3 > 0 , for each 
u G dBp n X; 

(1 2 ) there is T > 0 such that I satisfies the {PS)c condition, for 0 < c < T; 

(I^) for each finite dimensional suhespace E <Z E, there is R = R{E) > 0 
such that I{u) <0 for all x G E\B]i{0). 

Suppose V is k dimensional and V = span{ei, ■ ■ ■ , 6 ^}. For m > k, 
inductively choose e^+i ^ Em '■= span{ei, - ■ ■ , 6 ^}- Let Rm = R{Em) and 
Dm Fum Fl Em’ Define 

Gm ■= {h G C{Dm, E)]h is odd and h(u) = n, Vu G dB^^ fl Em} (10) 
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and 


Tj := ^^h{Dm\Y);h e Gm,m> j,Y eT., and j{Y) < m - . (11) 

For each j G N, let 


Ci = inf maxl(u). (12) 

KGFj ueK 

Then, 0 < fd < Cj < Cj+i for j > k, and if j > k,Cj < T and Cj is critical 
value of I. Moreover, if Cj = Cj+i = • • • = Cj+i = c < T for j > k, then 
^{K,)>1 + 1. 


3.2 Technical lemmas 


Associated with the problem 
Jx : Wo^’'*’(fl) —)■ M dehned by 


dSD, 


we have the energy functional 


Jx{u)= / <h(| V«|)-A / $,(«)- / F{x,u). 


By conditions (/i) — (/ 2 ), Jx G ^Wo^’'*’(fl),with 


J'xiu) ■ V = (j){\ Vu DVuVv — A / 0*(| u \)uv — / f{x,u)v, 

Ju Jq Ju 

for any u,v E iyg^’^(f2). Thus, critical points of Jx are weak solutions of 
problem (fP^. 

Lemma 3.2. Under the conditions (/i) — {f 2 ), J\ satisfies (Ii). 

Proof. 

On the other hand, from (/i) — (/ 2 ), given e > 0, there exists C,, > 0 such 
that 


|F(a;, f)| < e<h(t) + Oe<h*(f), W{x,t)EflxM. (13) 

Combining ([6]) with ffT3|) . 

Jx{u) > (1 - eCo) [ <1>(| Vu !)-(! + C,) [ <!>,(«). 

Jn Jn 
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For e is small enough and ||m|| = p — 0, it follows from (jS]) and Lemma [2.41 
Jx{u) >C^\Vu 1^ -C^S^; I Vu |g . 

for some positive constants Ci and C2. Once that, m < /*, if p is small 
enough, there is /5 > 0 such that 

J\{u) > j3 > Q Vk G 9-Bp(0), 

hnishing the proof. ■ 

Lemma 3.3. Under the conditions (/i) — (/2), J\ satisfies {I 3 ). 

Proof. Suppose (J 3 ) does not hold. Then, there is a hnite dimensional 
subspace E C IFg^’^(O) and a sequence (tt„) C E\Bn{0) verifying: 

Jx{un) >0, Vn e N. (14) 

A direct computation shows that given e > 0, there is a constant M > 0 such 
that 

F{x, t) > —M — e<F*(f) V(x, t) G 0 x R. (15) 

Consequently, 

J\{un)< [ <h(|Vw„|)da; - A f ^fiun) + e f ^fiun) + M\Q\. 

Jo, Jfl JQ 

Fixing e = I, and using Lemma l2A| we get 

Jx{Un) < [ <h(|V«.|) - ^6(|Wn|^J + M\Q\. (16) 

Jo. ^ 

Once that dimi? < 00, we know that any two norms in E are equivalent. 
Then, using that ||Mn|| —)■ cx), we can assume that > 1- Thereby, from 

Lemmas 12.31 and 12.51 

Using again the equivalence of the norms in E^ there is (7 > 0 such that 
Jx{Un)<\\ Un \r-^C II Un ||'* +M |0| . 
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Recalling that m < I*, the above inequality implies that there is uq G M such 
that 

Jx{un) <0, Vn > no, 

which contradicts flT^ . ■ 


Lemma 3.4. Under the conditions (/i) — (/ 2 ), any {PS) sequence for Jx is 
hounded in 

Proof. Let {un} be a {PS)d sequence of Jx- Then, 

J\{un) —t d and J'x{un) —)■ 0 as n —)■ +oo. 

We claim that {un} is bounded. Indeed, note that 


J\{'an) Q^X^'^ni'an 


/ $(|Vn,,|)-- / 0(1 VnJ) I Vn, 

Jo. a Jq 

-X ^^{Un) + - / 0*(|n,|)n^ 

Jn a Jq 

- I F{x,Un) + ^ I f{x,Un)Un- 
Jn ^ Jn 


Consequently, 


A j =Jx{Un)-^Jx{Un)Un~j <I>(|Vn„|) 


+ - / 0(1 VUn I) I VUn 


in 


“1“ / ( F(^X^Un) 0 f 


Then, by (^ 2)5 (/ 2 ) and Lemma ITTI for n sufficiently large 

x(l-l^ $,(n„) < c + 1+ II nJI + (^ - 1 ) ^ <h(| Vn„ |), 
which implies that 


A 



<I>* 


I Ur: 


<C + 


Ur 
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where C is a positive constant, and so 



^^{un)dx < (7(1 + ||n„||). 


(17) 


By ffTHl) and ffTTll 

/ <h(| Vn„ I) < JA(wn) + A / $*(«„)+ / G{x,Un)dx 

Jfl Ju Jq 

< (7 + On(l) + (A + e) f $*(«„) 

Jn 

^ (7(1+ II Un II) + On(l)- 


Therefore, for n snfficiently large 

[ ^(1 VnJ) <C'(l + ||n„||). 

Jn 

If llwnll > 1, it follows from Lemma [2.51 

II Un ||^< (7 (1 + lln^ll). 

Once that I > 1, the above ineqnality gives that {un} is bonnded in lTg^’^(r2). 

■ 

As a conseqnence of the last resnlt, if {un} is a {PS) seqnence for Ja, we 
can extract a snbseqnence of {un}, still denoted by {un} and u G ITo^’^(r2), 
snch that 

• Un ^ u m (O); 

• Un ^ u m. (O); 

• Un ^ U in Lq,{Q)] 

• Un{x) —)■ u{x) a.e. in O; 

From the concentration compactness lemma of Lions in Orlicz-Sobolev 
space fonnd in H, there exist two nonnegative measnres E Al(r2), 
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a countable set J, points {xj}j^j in f2 and sequences {lXj}jej, C 

[0, +cxo), such that 


and 


$(|Vn„|) ^ M > <^>(|Vn|) + in Mip) (18) 

3&J 

13 = ^*{u) + ^ 13j6^. in M(Q) (19) 

3&J 


13j < max{S’'^^ij 


qm” - 

>Jn hi 




qm’^ . - 
’^N hi 




( 20 ) 


where Sn verihes ([S]). 

Next, we will show an important estimate from below for {r'j}. We have 
to prove a technical lemma. 


Lemma 3.5. Under the conditions of Lemma \3.4\ If {un} is a {PS) sequence 
for J\ and {i3j} as above, then for each j G JT”, 


13j > 


I \ p-i _^ 

^ ' C (3-1 

On 


Xm 


or z/j = 0, 


for some a G {/*, m*} and 13 G {y, 

Proof. Let ip G (^“(M^) such that 

'ip{x) = 1 in i?i(0), suppip C Bi{0) and 0 < '0(x) < 1 Vx G 
For each j eT and e > 0, let us dehne 


V’e(x) = ip 




, Vx G 


oAZ 


Then {'ipeUn} is bounded in hFg^’^(f2). Since J^iun) —t 0, we have 

Jx{Uri){'Pe^n) *^n(l)) 

or equivalently, 

/ p{\VUn\)VUnV {Unlpe) = On{l) + X / p*{\Un\)ullpe ^ / f{x,Un)UnA 


< Oii(l) + Xm* 
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I ^^{Un)'lpe+ / f{x,Un)Un'lpe- 

£7 Jo. 

( 21 ) 






By the compactness Lemma of Strauss [S] 


lim / f{x,Un)Un'll^e 


/ 

Jn 


f(x,u)uil. 


( 22 ) 


On the other hand, by {(j) 2 ) 



(23) 


By Lemmas 12.21 and [2.61 the sequence {|0(|is bounded. Thus, 
there is a subsequence {u„} such that 

(f){\Vun\)'Vun wi weakly in 

for some Wi G Since —)■ u in L$(0), 

/ ^(|VMn|)(Vu„V'0e)Un -)■ / (WiV'^Ju. 

Jn Jn 

Thus, combining ([21]), fl2^ . fl23ll and letting n —)■ oo, we have 



(24) 


Now we show that the second term of the left-hand side converges 0 as e —)■ 0. 
First, we show the claim: 

Claim 1: {/(x,u„)} is bounded in Lj (O). 

In fact, by (/i) and Lemma [2.21 we have 


/ 

Jn 


< Cl 


/ 

Jn 


^*{(t>MUn\)Un) + C2 


/ 

J\u 




^^{((){\Un\)Un) 




^*{(j){\Un\)Un) 
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Hence, by {4>2)) Lemma 1^751 and m < I*, 

f <6-1 [ ^,{M\Un\)Un) + C 2 [ $, ( |m + Cg 1| 

Jo, Jq •/[|Wri|>l] 

<C, [ $*K) + C 2 [ + Csl^^l- 

Jfl «/[|Mn|>l] 

Now, by Lemmas 12.41 and 12.21 

[ $*(/(x,u„)) < iLi [ <+CX). 

Jn Jn 

From Claim 1, there is a subsequence {«„} such that 
(l)*{\un\)un + f{x,Un) ^ ^2 Weakly in 
for some W 2 G (f^). Since 


J'x{Un)v = / (j){\'\/Un\)VUnVv - 

Jn 

—>■ 0 , 


{(f)*{\Un\)Un + f{x,Un))v 


as n —)■ cxD for any v G lFo^’^(f2), 


{wiVv — W2V) = 0, 


for any v G VFo’'*’(f2). Substituting v = wjje we have 


(WiV(M'0e) — W2U'4’€) = 0. 


Namely, 


{Wi'Vlpe)u = — {WiVu — W2u)lpe 


Noting W 1 VU — W 2 U G -L^(f2), we see that right-hand side tends to 0 as e —)■ 0. 
Hence we have 

/ (wiVV’Jm 0, 

Jn 

as e —)■ 0. 


14 





Letting e ^ 0 in we obtain 


l/2j < 


Hence, 







for some a e {/*, m*}, /5 G {y, and so 


- ' \m 


1 \ /3-1_9^ 

or Vi = 0. 


Lemma 3.6. Assume that (/i) —(/ 2 )- Then, Jx satisfies {PS)d for d G (OjC^a) 
where 


dx = min 


I*-9 f I 





;a e fi G 


I* m* I* m* 
l L m m 


Proof. Once that 


'^A(^n) d ~\~ 077 ,( 1 ) and ^ 71 ( 1)5 


d= lim I{Un) = lim (jx{,Un) - \ j'xi.Un)UiA 

n^oo n^oo \ u / 


> lim 

n—)-CxD 


F{x,Un) - -fix,Un)Ur 


^ ^ 1 ) / ^*K). 


Recalling that 


/ ^,,{Un)dx = 

1 

e 

* 

+ 

td 

_ 1 

In 

j€j . 


> 




( 25 ) 
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we derive that 


d >AI - - 1 


/ \ /3-1_^ 

''1 C /3-1 

Am* J 


' I* m* I* m* 


(26) 


for some a G {/*,m*}, (3 G {y, y, ^}, which is an absurd. From this, 
we must have Uj = 0 for any j G JT”, leading to 


^*iun) -t / $*(«). 


(27) 


'O 


Combining the last limit with Brezis and Lieb [B], we obtain 

/ $*(«„ — u) —)■ 0 as n —)• oo, 

Jn 

from where it follows by Lemma 12.51 

Un ^ u in Lq>^{Q). (28) 

Now, as Jx{un)un = 0^(1), the last limit gives 

I I ^I) I I "^ / ^ I I )^n j f (Xj -|- Ofi (1) . 

Ju Ju 

In what follows, let us denote by {Pn} the following sequence, 

Pn{x) = {(j){\VUn{x)\)VUn{x) - (j){\Vu{x)\)Vu{x) ,VUn{x) - Vu{x)). 

Since $ is convex in M and *h(|.|) is class in M^, has Pn{x) > 0. From 
dehnition of {Pn}, 

I Pn= I (j){\VUn\) \VUn P - / (p{\V Un\)V UnV U- j (j){\V u\)V uV {Un-u) . 
Jn Jn Jn Jn 

Recalling that Un ^ u in hFQ’'*’(f2), we have 


0(1 Vn|)VMV('u„ — m) —)■ 0 as n oo. 


(29) 
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which implies that 


P^= (j){\VUn\)\VUn\‘^ - / 0(|VMn|)VWnVM + 0„(1). 

J Q J Q, J Q, 

On the other hand, from J[{un)un = On(l) and J[{un)u = On(l), we derive 

0 ^ / Pn / 0*(|nn|)|n^| "^ / (II)nn'li 

Jn Jn Jn 

+ / f{x,Un)Un- / f{x,Un)u + On{l). 

Jn Jn 

Combining (HT} with the compactness Lemma of Strauss [ 8 ] , we deduce that 

/ —>■ 0 as n —)■ cx). 

Jn 

Applying a result due to Dal Maso and Murat [IS], have that 

^ M in iyQ’'*’(f2). (30) 


The next lemma is similar to [25l Lemma 5] and its proof will be omitted. 

Lemma 3.7. Under the conditions {fi)-{f 2 ), there is sequence 
{Mm} C ( 0 ,+oo) independent of X with Mm < Mm+i, such that for any 
A > 0 


= inf max J\(n) < Mm- 

K&Vrn ueK 


(31) 


4 Proof of Theorem II .11 

For each A: G M, choose A^+i such that 

Mk < dx^. 


Thus, for A G (Afc, Afc+i), 

0 < < C 2 < • • • < < Mk < d\. 
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By Theorem 13.11 the levels < C 2 < ■ ■ ■ < are critical values of Jx- Thus, 
if 


Cl < Cn 


<•••<€ 


A 
k ’ 


functional Jx has at least k critical points. Now, if for some 

j = 1, 2, • • • ,k, it follows from Theorem 13.11 that K^\ is an inhnite set [211 
Cap. 7]. Then, in this case, problem (|PaD has inhnite solutions. 
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